We investigate various phenomenological schemes for the rapid generation of 3D mock galaxy catalogues with a given power spectrum and bispectrum. We apply the fast bispectrum estimator MODAL-LSS to these mock galaxy catalogues and compare to N -body simulation data analysed with the halo-finder ROCKSTAR (our benchmark data). We propose an assembly bias model for populating parent halos with subhalos by using a joint lognormal-Gaussian probability distribution for the subhalo occupation number and the halo concentration. This prescription enabled us to recover the benchmark power spectrum from N -body simulations to within 1% and the bispectrum to within 4% across the entire range of scales of the simulation. A small further boost adding an extra galaxy to all parent halos above the mass threshold M > 2 × 10 14 h −1 M obtained a better than 1% fit to both power spectrum and bispectrum in the range K/3 < 1.1 h Mpc −1 , where K = k1 +k2 +k3. This statistical model should be applicable to fast dark matter codes, allowing rapid generation of mock catalogues which simultaneously reproduce the halo power spectrum and bispectrum obtained from N -body simulations. We also investigate alternative schemes using the Halo Occupation Distribution (HOD) which depend only on halo mass, but these yield results deficient in both the power spectrum (2%) and the bispectrum (>4%) at k, K/3 ≈ 0.2 h Mpc −1 , with poor scaling for the latter. Efforts to match the power spectrum by modifying the standard four-parameter HOD model result in overboosting the bispectrum (with a 10% excess). We also characterise the effect of changing the halo profile on the power spectrum and bispectrum.
I. Introduction
One of the most active areas of cosmological research is to understand the collapse of matter and the evolution of large scale structure (LSS) in the Universe. This goal is facilitated by upcoming large data sets offered by galaxy surveys such as the Dark Energy Survey (DES) [1, 2] , the Large Synoptic Survey Telescope (LSST) [3] , the ESA Euclid Satellite [4] and the Dark Energy Spectroscopic Instrument (DESI) [5] . In particular, the bispectrum has been shown to be a crucial diagnostic in the mildly non-linear regime and, combined with the galaxy power spectrum, can constrain parameters five times better than the power spectrum alone [6] , potentially offering much tighter constraints for local-type primordial nonGaussianities (PNG) than current limits from Planck. The bispectrum also has a stronger dependence on cosmological parameters so can provide tighter constraints than the power spectrum for the same signal to noise and can help break degeneracies in parameter space, notably those between σ 8 and bias [7] . For this reason, our focus in this paper is on making the galaxy bispectrum a tractable diagnostic tool for analysing future galaxy surveys by deploying our efficient bispectrum estimator MODAL-LSS on mock galaxy catalogues. Previously we have used MODAL-LSS to compare the dark matter bis- * jmch2@damtp.cam.ac.uk † mmanera@ifae.es ‡ E.P.S.Shellard@damtp.cam.ac.uk pectrum from N -body and fast dark matter codes [8] , but now we apply it to the halo (or galaxy) bispectrum. This work builds on earlier efforts to estimate the full three-dimensional bispectrum from simulations (see, for example, [9] [10] [11] [12] [13] ) and direct measurements of the galaxy bispectrum using existing galaxy survey data from the Baryon Oscillation Spectroscopic Survey (BOSS) [14] [15] [16] [17] [18] .
As we enter the age of precision cosmology we are ever more reliant on cosmological simulations to understand the dynamics of dark matter and baryons. Numerical simulations act as a buffer between theory and observation: we test cosmological models by matching simulation results to observational data, and hence obtain constraints on cosmological parameters. On the other hand since we only observe one universe we must turn to simulations to understand the statistical significance of our measurements. This is especially important with large galaxy data sets coming from current and nearfuture surveys such as DES, LSST, Euclid and DESI. While it would be ideal to use full N -body simulations to generate these so-called mock catalogues for statistical analysis, their huge demand for computational resources is prohibitive for generating the large number of simulations required for accurate estimates of covariances [19] . Alternatively, compression methods have also been developed to reduce the number of mocks required, see e.g. [20] [21] [22] [23] [24] .
Although dark matter simulations have given us a wealth of information about the clustering of matter in the universe, ultimately we need to map this information to the visible universe. Gravitational pull induces the for-mation of bound dark matter halos, and these virialised objects in turn create an environment in which baryons can collapse and form bound objects such as galaxies. The galaxies we observe in galaxy surveys, which live inside these halos, therefore act as biased tracers to the underlying dark matter distribution, as the spatial distribution of galaxies need not exactly mirror that of the dark matter [25] . To take advantage of high resolution galaxy data from future surveys we must therefore have a robust way to extract halo and galaxy distributions from N -body dark matter simulations. Many techniques for this process, known as halo finding, have been developed over the years (e.g. ), but it remains a computationally intensive task, especially with the sheer number of simulations required for covariance matrix estimation. Additionally, to put constraints on cosmological parameters halo properties must be understood to percent level in order for theoretical and statistical uncertainties to be at the same level [44, 50, 51] . In this paper we present fast phenomenological prescriptions for producing mock galaxy catalogues that reproduce the power spectrum and bispectrum of a reference catalogue to better than 1% accuracy. In order to do so we examine the effects of the spatial distribution of galaxies within their host halos, the halo occupation number through the Halo Occupation Distribution (HOD) model, as well as a more sophisticated assembly bias model that jointly models the occupation number and halo concentration. Previous work estimating the dark matter bispectrum has shown its power in helping benchmark fast dark matter codes [8] , and here we likewise validate these methods with both the power spectrum and bispectrum.
The paper is outlined as follows: in Section II we detail our benchmark galaxy mock catalogue and the phenomenological methods we use to reproduce the statistics of this catalogue. Then in Section III we introduce the MODAL-LSS method for bispectrum estimation, as well as the phenomenological 3-shape model for the halo bispectrum. In Section IV, we then present the alternative prescriptions for generating mock catalogues as we investigate the effect of halo profiles and different HODs on the bispectrum, ultimately proposing a joint lognormalGaussian assembly bias model which is a key outcome of this paper. Finally, we summarise the main results and conclude the paper in Section V.
II. Halo catalogues
There are many techniques that have been developed to identify collapsed objects in dark matter simulations, but two methods remain a core part of the halo finding process. These are the Friends-of-Friends (FoF) algorithm [52] , originally proposed in 1985, and the Spherical Overdensity (SO) algorithm [53] , originally proposed in 1974. In its simplest form the FoF algorithm simply links together particles that are separated by a distance less than a given linking length b, resulting in distinct connected regions that are identified as collapsed halos. The SO algorithm on the other hand identifies peaks in the density field as the candidate halo centres, then assuming a spherical profile grows the halo until a density threshold is reached. There are shortcomings associated with naive implementations of both of these methods: the FoF algorithm is susceptible to erroneously connecting two distinct halos to each other via linking bridges, which are filaments between linked particles belonging to the 2 distinct halos; whereas the spherical assumption in the SO method does not reflect the true shape of halos. A particular difficulty of these position-based finders, yet crucial for the mapping of dark matter distribution to the galaxies we observe, is the classification of halos within halos, or subhalos, i.e. virialised objects that sit inside and orbit a larger, host halo. Many have introduced refinements to extend the capabilities of FoF and SO, for example by changing the FoF linking length or the SO density threshold as well as better taking advantage of other information given to us by cosmological simulations; for instance, see [54] for a comprehensive review.
A relatively recent and novel approach to this old problem is the incorporation of velocity information of the particles, reducing the ambiguity in determining particle membership between overlapping halos. While this additional information is clearly useful for distinguishing subhalos from its host halos due to their relative motion, working in phase-space necessitates the creation of a metric that suitably weights the relative positions and velocities of the particles. The 6D phase-space halo finder we adopt for this paper is ROCKSTAR [44] , which further utilises temporal data across simulation time steps to ensure consistency of halo properties. Furthermore the authors claim it to be the first grid-and orientationindependent adaptive phase-space code, and possesses the unprecedented ability to probe substructure masses down to the very centres of host halos. Here we give a brief overview of the mechanics of the ROCKSTAR algorithm.
The simulation box is first partitioned with a fast implementation of position-based FoF and a large linking length of b = 0.28 (in units of the mean inter-particle distance). Likewise in the 3D case, an adaptive metric must be used if one is to find substructures at all levels. For each of these 3D FoF groups a hierarchy of 6D phase-space FoF subgroups is built up by adapting the phase-space linking length at every level so that only 70% of the particles are linked together in its subgroups, until the number of particles in the deepest level falls under a predefined threshold (here set to 10). The phase-space metric they adopt is weighted by the standard deviations in position, σ x , and velocity σ v , of the particles within a (3D or 6D) FoF group, i.e. for two particles p 1 and p 2 the metric is:
Once this phase-space hierarchy is built, the deepest levels in the hierarchy are identified as seed halos, and all particles in the base 3D FoF group are assigned to these seed halos from the bottom-up. If a seed halo is the only child of its parent then all the particles of the parent will be assigned to that seed halo. Otherwise if a parent has multiple subgroups then particle membership is determined by proximity in phase-space. In this instance the metric (Equation (II.1)) is modified to reflect halo and not particle properties; for a halo h and particle p the metric is
where r vir is the current virial radius of the halo and now σ v is the current velocity dispersion of the halo. This procedure is repeated recursively along the hierarchical ladder until particle assignment is complete. A significant advantage of this assignment scheme is the assurance that particles that belong to the host halo will not be mis-assigned to the subhalo, or vice versa, even if the subhalo sits close to the host halo centre. This is because host halo particles and subhalo particles should have different distributions in phase-space even if they are close in position-space. Finally, host-subhalo relationships are determined based on phase-space distances before halo masses are calculated to avoid ambiguity when multiple halos are involved. At each level the halos are first ordered by the number of assigned particles. Starting with the lowest one, each halo centre is treated as a particle, and its distance to the other halos are calculated with Equation (II.2). The halo being examined is then assigned as a subhalo of the closest larger halo. These relationships are checked against the previous time-step, if available, for consistency across time-steps. After all assignments have been made, unbounded particles are removed by a modified Barnes-Hut method from the halos, and halo properties are calculated.
A. Benchmark galaxy mock catalogue
Our benchmark dark matter simulation is a N -body simulation run with GADGET-3 code. We have chosen a cubical box of size 1280 h −1 Mpc and run with 2048 3 particles, obtaining a particle mass of M p = 2.1 × 10 10 h −1 M . We have dark matter outputs at redshifts z = 0, 0.5, 1, 2. The Particle Mesh (PM) grid of the simulation is 2048 3 . We have generated the Gaussian initial conditions from second-order Lagrangian Perturbation Theory (2LPT) displacements using L-PICOLA [19, 58] at redshift z i = 99 to ensure the suppression of transients in power spectra and bispectra estimates of our simulations [56] . Our input linear power spectrum at redshift z = 0 was (Tables 4 and 5 in [55] , rightmost columns), which we used to generate the input power spectrum from CAMB.
The pivot scale for n s is 0. Table II .1). For neutrinos we had one massive neutrino species and two massless neutrinos. The lack of radiation and neutrino evolution in L-PICOLA and GADGET-3 has led us to define the matter power spectrum to consist only of cold dark matter and baryons, which leads us to recover the input power spectrum at z = 0 to linear order. This causes the raised value of σ 8 instead of the Planck value of 0.8159. Table II .2 shows a number of GADGET-3 parameter values we used guarantee high numerical precision in our simulation.
To obtain a benchmark galaxy mock catalogue we first ran ROCKSTAR on the GADGET-3 output. Since small halos are unreliable we impose a mass threshold of M 200b > 10 12 h −1 M on the parent halos of the ROCKSTAR output, where M 200b means the mass enclosed by the halo corresponds to a spherical overdensity of 200 times the background density of the Universe. This cuts all parent halos with fewer than 50 particles, which is roughly the same criterion adopted in [60, 61] . The benchmark halo mock catalogue then consists of all parent halos that pass this threshold alongside all subhalos they contain, if any. In this paper we use the halos as proxies for galaxies, such that every parent halo hosts a central galaxy at its core, and all the subhalos of the parent hosts a satellite galaxy each. Our benchmark galaxy mock catalogue is therefore identical to the benchmark halo mock catalogue, and we will be using these terms interchangeably.
The purpose of this paper is to investigate phenomenological methods to reproduce the statistics of the benchmark galaxy mock catalogue without detailed information given by the simulation. We restrict ourselves to the mass, position, and halo concentration of the parent halos, and build models that inform us of the number and positions of the satellite galaxies in each parent halo. We define the benchmark catalogue as above to examine these effects rather than reproduce a realistic mock galaxy catalogue that matches observational data, e.g. in [60] . We are also interested in first understanding these effects in configuration space, and as such will not include observational effects such as Redshift Space Distortions (RSD). This is because the RSD signal will dominate in the bispectrum at small scales and swamp the contributions that we are interested in here. After we correctly model these effects in configuration space we shall tackle RSD effects in a future paper. Additionally, both the projected bispectrum [62] or bispectrum monopole [63] are rather insensitive to RSD effects, thus our methods are well suited to the study of these observables. We note here that our previous investigation of the dark matter bispectrum using these simulations have uncovered problematic transient modes that persist to late times [8] . However this should not interfere with our work in this paper, as these modes only distort the bispectrum signal at large scales, and their effects will cancel when we make comparisons between different phenomenological methods. When calculating statistics we follow the example of others, e.g. [64, 65] , and use the number density field where each object is weighted by 1 instead of their mass in the Cloud in Cell (CIC) assignment scheme, which is on a 1024 3 grid throughout the paper.
B. Halo profile
We tackle the distribution of galaxies within a halo by first examining the relevance of the halo shape. It is well known in the literature, particularly from dark matter simulations, that halos are triaxial objects [66] [67] [68] , and that their shape are complicated functions of time, halo mass, and choice of halo radius. Halo shapes have been predicted analytically as well within the ellipsoidalcollapse model in [69] . In principle one should take into account these effects when building a halo mock catalogue, but as we shall see in Section IV, halo triaxiality only has a small effect compared to the choice of halo profile in the power spectrum and bispectrum, and only at small scales. Consequently, in this paper we only consider radially symmetric profiles here and randomise the solid angle distribution of each halo. We leave the inclusion of halo triaxiality for future work.
There are a number of radially symmetric halo profiles in the literature that we can use to populate halos with satellite galaxies. One popular choice is the NFW profile proposed by Navarro, Frenk and White [70] , which was adopted in the generation of BOSS galaxy mock catalogues [64] :
The two parameters of the model are the scale radius r s and the density at that radius ρ s = ρ(r s ). An alternative parameterisation is with the concentration parameter c = R vir /r s , and the virial mass of the halo M vir ; in ROCKSTAR the virial radius R vir is defined such that the corresponding virial mass M vir is consistent with the virial threshold in [71] . Further imposing conservation of mass:
This allows us to write the radial density as
To populate the halos with the NFW profile we assume the radial probability density function (PDF) of the mass distribution in a halo is proportional to ρ(r|M vir , c), and then obtain the positions of the galaxies by inverse sampling. This first involves calculating the cumulative distribution function (CDF) from the PDF:
We then draw samples from the inverse of the CDF, CDF tabulated CDF. Finally, we model the concentration c with this analytical fit as proposed in [72] :
where
3 is the non-linear mass scale, and k N L is defined by the linear power spectrum
2 . To judge whether the NFW profile is a good choice for our purposes we first compared the benchmark mean concentration to the analytical fit in Equation (II.9). ROCKSTAR fits an NFW profile by calculating both the scale radius r s and the Klypin scale radius r s,K [73] , which is derived from v max , the maximum circular velocity, and M vir . We have plotted the mean concentration computed from r s and r s,K against the analytical fit in Figure II. 1. While the Klypin concentration demonstrates better numerical stability overall, it is not clear that it is more robust for halos with fewer than 100 particles as the authors of ROCKSTAR claim [44] . We shall be using the Klypin concentration in all our methods discussed below. We note that while Equation (II.9) seems to qualitatively capture the correct power law behaviour, the magnitude is too low by about 10-20%.
More importantly, while the NFW profile is used in the literature to populate halos with galaxies, it is ultimately a fit to the dark matter profile and may not reflect the subhalo density profile. Comparisons between the NFW profile and the number density profile for the ROCKSTAR benchmark catalogue at different mass bins is shown in Figure II .2. Throughout the paper we only populate subhalos to the virial radius R vir . In these plots, the NFW profile is calculated using the average Klypin concentration given by ROCKSTAR for the mean halo mass of the bin. Additionally, distances are scaled by the virial radius R vir , since that is the distance ROCKSTAR uses when fitting the NFW profile.
We found that the NFW profile is clearly more concentrated near the centre of the halo than the density profile of the benchmark subhalos (as observed already in, for example, [74] [75] [76] [77] ). Consequently, for a NFW profile based galaxy catalogue we expect a stronger correlation than the benchmark at small scales. We have also modified the NFW profile by keeping its functional form but changing the concentration, but this was not a good fit to the ROCKSTAR profile as shown in Figure II. 2. Following [78] , we then adopted a universal power law ρ ∝ r −γ , where γ ∼ 1 is our fiducial halo profile, such that
We have found that γ ≈ 1 is a satisfactory fit to the subhalo number distribution, as shown in Figures II.2 and II.3.
C. Halo Occupation Distribution (HOD)
Another important consideration in the population of parent halos is the halo occupation number, i.e. the number of galaxies per halo. A conventional way to phenomenologically model this is via a Halo Occupation Distribution (HOD) algorithm [79] [80] [81] which gives the mean occupation number as a function of the mass of the halo. A functional form for this algorithm consisting of 5 parameters is commonly used in the literature [60, 61, 64, 82] :
whereN cent is the expected number of central galaxies andN sat the expected number of satellite galaxies such
Here M 0 denotes the typical minimum mass scale for a halo to have a central galaxy, and σ is the parameter that controls the scatter around that mass. κM 0 sets the cutoff scale for a halo to host a satellite, M 1 is the typical additional mass above κM 0 for a halo to have one satellite galaxy, and α is the exponent that controls the tail of the HOD, and therefore has a strong influence on the number of high-mass halos.
Instead of using the error function we employ a Heaviside cut forN cent :
reducing the number of parameters to 4. This is appropriate as we impose a mass cut on the parent halo when constructing the benchmark galaxy catalogue. These 4
The subhalo number density profile given by ROCKSTAR and NFW for parent halos in various mass bins, as well as a power law and modified NFW fits to the ROCKSTAR data. Distances are scaled by R vir measured by ROCKSTAR.
parameters give us freedom to tweak the power spectrum and bispectrum of our galaxy mock catalogues to better reproduce those of the benchmark sample. The total number of galaxies is
where n(M ) is the halo mass function that gives the number density of halos for a given mass M . If the variation in the parameters are small we obtain the following perturbation to the number of galaxies to first order:
and we enforce ∆n g = 0 to conserve particle number when changing the parameters.
In Figure II .4 we show the HODN g (M ) from our benchmark ROCKSTAR catalogue (which will be referred to as the benchmark HOD model below), and the best fit for the 4-parameter HOD while keeping the total number of galaxies constant. As a comparison we also obtain an unconstrained fit to the benchmark HOD. The best fit parameters for the constrained fit are log(M 0 ) = 11.76, κ = 0.89,log(M 1 ) = 13.35 and α = 1.04, with only a 4 × 10 −4 % deficiency in the number of galaxies.
III. Halo polyspectra

A. Power spectrum and Bispectrum
The leading source of cosmological information, and hence the principal diagnostic of our methods, is the twopoint correlator, or power spectrum P (k) of an overdensity field δ(x):
where δ D is the Dirac delta function. The power spectra of our benchmark dark matter and galaxy catalogues at redshifts z = 0, 0.5, 1 are plotted in Figure III .1. Our galaxy catalogue consists of parent halos with mass in the range of 1 × 10 12 and 3.2 × 10 15 h −1 M and all their subhalos, and has a number density of 0.0056 h 3 Mpc −3 , which is similar to the number density of the LOWZ galaxy sample in BOSS at low redshift [83] . It is well known in the literature that while the dark matter power spectrum grows with time, the growth of the halo power spectrum is slow [84, 85] . At large scales the linear bias relationship b 1 = δ g /δ between dark matter and galaxies tends to a constant [86] , and since the dark matter power spectrum grows as D 2 1 (z) at these scales, where D 1 (z) is the linear growth factor, we expect b 1 (z) ∝ 1/D 1 (z). This is also shown clearly in Figure III .1, giving a value of b 1 ≈ 1.1.
For mildly non-linear scales the primary diagnostic is the three point correlation function or bispectrum
Due to statistical isotropy and homogeneity, in configuration space the bispectrum only depends on the wavenumbers k i in the absence of redshift space distortions. Additionally the delta function, arising from momentum conservation, imposes the triangle condition on the wavevectors so the three k i when taken as lengths must be able to form a triangle. Together with a parameter k max which defines the resolution of the data, the bispectrum occupies a tetrapydal domain V B in k-space, as shown in the left panel of Figure III .2. We have found it useful to split it in half to make apparent its internal morphology as illustrated in the right panel of Figure III .2. The bispectra plots in this paper are generated with ParaView [87] , an open source scientific visualisation tool. Due to the large number of triangle configurations, numerical estimation of the full bispectrum is computationally expensive. In this paper we use the newly rewritten MODAL-LSS method for the efficient and accurate estimation of the bispectrum for any overdensity field δ [8] . The full bispectra of the benchmark catalogue at various redshifts thus obtained are shown in Figure III 
B. MODAL-LSS bispectrum methodology
Here we give a brief summary of the MODAL-LSS algorithm. We first approximate the signal-to-noise weighted estimated bispectrum of a density field,
, by expanding it in a general separable basis:
where P (k) is the power spectrum of the density field. The information in the full bispectrum is compressed into these O(1000) β Q m coefficients, and it has been shown to be superior to other bispectrum estimators in terms of data compression [88] . The basis functions Q MODAL-LSS n are symmetrised products over one dimensional functions q r : Mpc benchmark GADGET-3 dark matter simulation (top left), and the benchmark galaxy mock catalogue derived from it using ROCKSTAR (after shot noise subtraction, top right), plotted up to k max = 1.6 h Mpc −1 . The bottom panel shows the product between the bias parameter, obtained from b = P hh /P mm , and the linear growth factor D 1 , which tends to a constant at large scales irrespective of redshift.
The full tetrapyd bispectrum domain V B consists of a tetrahedral region (blue) defined by the wavevector triangle condition k 1 + k 2 + k 3 = 0, together with a pyramidal region (green) bounded by the resolution limit k max . Right panel: To show the internal structure of the tetrapyd we split it along the red dashed line, showing only the back half with k 1 < k 2 . Colour-coded regions show the location of the 'squeezed' (red), 'flattened' (green) and 'equilateral' or 'constant' (blue) shape signals. The scale dependence of the bispectrum is reflected by the K ≡ k 1 + k 2 + k 3 = const. cross sectional planes [13] .
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Dark matter, z = 0.5 Galaxies, z = 0.5
Redshift evolution of the estimated bispectra of the 1280 h −1 Mpc benchmark GADGET-3 dark matter simulation, and the benchmark galaxy mock catalogue derived from it using ROCKSTAR, plotted up to
with {. . . } representing symmetrisation over the indices r, s, t, and each n corresponds to a combination of r, s, t.
The relationship between n and r, s, t is 'slice ordering' which orders the triples by the sum r + s + t. k max is the resolution of the tetrahedral domain defined above. γ nm is the inner product between Q MODAL-LSS n functions over the tetrapyd domain:
where V = (2π) 3 δ D (0) is the volume of the simulation box. There is a freedom in the choice of q r , provided the Q MODAL-LSS n basis is orthogonal, or can be made orthogonal. We employ shifted Legendre polynomialsP
where we define
which is an inverse Fourier transform, and k1,k2,k3 =
(2π) 3 . In the second line we used the identity
In summary, we have reduced the 9-dimensional integrals involved in bispectrum estimation to a number of (inverse) Fourier transforms which can be evaluated efficiently with the fast Fourier transform (FFT) algorithm, together with an integral over the spatial extent of the data set (Equation (III.6)) which can highly parallelised. Additionally we have compressed the full 3D bispectral information to O(1000) β Q n coefficients, which are much easier to manipulate.
To make comparisons between bispectra B i and B j we first define inner products between them as
(III.9)
We define two correlators between bispectra. The first is the total correlator T :
which is a stringent test of correlation between bispectra, but is susceptible to degradation by statistical noise. The other one is the f nl correlator, named as such due to its similarity to the optimal f nl estimator for the amplitude of a theoretical shape (see [8] ), as:
The f nl correlator can be thought of as proportional to the cosine between the two shapes, weighted by the magnitude of B j . This correlator is therefore appropriate for the compression of 3D bispectral information into a one-dimensional function of k max . We further define a 'sliced' correlator between bispectra which integrates over transverse degrees of freedom K ≡ k 1 + k 2 + k 3 = const. on the tetrahedron:
(III.12)
The new restricted integration region, ∆V B , encompasses a range of these K slices such that:
Similarly we define the sliced f nl correlator as
(III.14)
C. Halo three-shape model
The three-shape model was proposed in [13, 89] here is due to the transition from the tetrahedral region in the bottom to the pyramid at the top, causing a kink in the sliced correlator, and is not a real physical effect. a linear combination of the 'constant' one-halo model on small length scales, the tree-level gravitational bispectrum on the largest, and a local or 'squeezed' shape interpolating on intermediate scales. The combined threeshape model takes the following form:
where the f i (K) are scale-dependent amplitudes and the constant, squeezed and tree-level shapes are respectively:
Here, P lin denotes the linear dark matter power spectrum, P NL is the non-linear power spectrum obtained from simulations, and the gravitational kernel
where ≈ −(3/7)Ω −1/143 m to account for non-zero vacuum energy Λ [90] . A successful fit into highly nonlinear scales was possible using the following physicallymotivated functional forms for the amplitudes:
The parameters A − F at redshift z = 0 across the range 0.1 h Mpc −1 < K < 6 h Mpc −1 take the values [13] :
with k NL = 0.25 h Mpc −1 . We note that this approximate fit applies across a much wider set of redshifts z < 10 (at about 10% precision) and, here, F has been fixed to unity to match the tree-level gravitational bispectrum as K → 0 (i.e. with unit bias). Since the dark matter simulation we currently have is of much higher resolution and precision than previously, we update the best fit parameter values to the following:
This yields a high total correlation at k max = 1.7 h Mpc −1 of 98.4% with new simulation data, and 97.1% with the original three-shape model (Equation (III.23) ). We note that there are some degeneracies between the three shapes, but we leave detailed error estimation of these dark matter parameters for a future publication. We also note that there are transient grid effects that temporarily increase the tree-level gravitational bispectrum for Nbody simulations with 2LPT initial conditions (identified in previous papers [12, 13] ); even for the high redshift initial conditions used in this paper, this persists at late times leaving an offset in the dark matter bispectrum of a few percent for small k. This small systematic effect can be avoided with 'glass' initial conditions for the N -body simulations [12, 13] or through quantitative analysis and subtraction (but this is not the focus of the present paper, see the discussion in [8] ). We can consider using the same three shapes to fit to our benchmark halo bispectrum B hhh (k 1 , k 2 , k 3 ), but in principle we might require more than three shapes to achieve an adequate correlation. For example, bias considerations bifurcate the tree-level gravitational bispectrum (Equation (III.16)) into several apparently different shapes at leading order (LO) [91] :
where b 1 , b 2 are the first-and second-order bias parameters, b K 2 is the 'tidal' bias parameter, and P stoch E , B stoch E are the stochastic power spectrum and bispectrum respectively. Closer examination, however, reveals that the second-order bias shape can be incorporated with appropriate scalings in the squeezed two-halo shape B squeez and the stochastic bispectrum B stoch E in the constant shape B const (if not subtracted as per usual). This leaves only the modulated 'tidal' bias term, but this can be expected to be relatively small and would be straightforward to include as an additionally modulated version of the squeezed shape B squeez (a 'four-shape' model). For this reason, as a preliminary exercise we endeavour to fit the original three-shape model Equation (III.16) to the measured halo bispectrum, finding the best fit parameters as:
Again we will leave error estimation in these parameters for future work. The three-shape bispectrum calculated with these values is shown in Figure III .4. It gives an overall total correlation of 97.4% with our benchmark bispectrum, and a 4% f nl correlation fit across the entire range of the data apart from the very tip of the tetrapyd where K/3 < 0.2 h Mpc −1 ( Figure III .5). Note again there are degeneracies in the model parameters for the limited wavenumber range we have used; there are significant caveats on large length scales (discussed above), as well as small length scales because we do not probe deep enough into the nonlinear regime on small scales to specify the one-halo parameters. In principle, we could use this to specify the averaged bias parameter b 1 ≈ 0.99 (assuming this to be the dominant contribution) or we could estimate b 1 , b 2 jointly with the power spectrum, but we would have to investigate and calibrate transient grid effects at small k much more carefully [12] and we leave this for a future publication. Nevertheless, this analysis gives an initial indication that an accurate phenomenological fit to the halo (or galaxy) bispectrum is likely to be possible with a few well-motivated bispectrum shapes and a limited number of parameters.
IV. Phenomenological halo catalogues
Having characterised the halo power spectrum and bispectrum from our benchmark ROCKSTAR catalogue (as a proxy for a galaxy catalogue), we investigate whether these polyspectra can be accurately reproduced using fast statistical prescriptions for populating halos with subhalos, that is, without using costly N -body simulations for individual mocks. We first consider minimal approaches by modifying the subhalo distribution using different halo profiles or altering the average occupation number as a function of halo mass. Next, we develop this further by exploiting halo concentrations, populating individual halos using typical correlations with the occupation number, that is, incorporating statistical information related to the assembly history of halos.
A. Halo profile
Modifying the typical halo profile significantly impacts both the power spectrum and bispectrum, especially on small length scales. We can demonstrate (see below) this by keeping the number of subhalos fixed in each halo, while displacing their radial distribution according to a profile of our choosing (such as the popular NFW profile Equation (II.3) ). First, however, we briefly study the importance of halo anisotropy. This was motivated by investigations of N -body simulations (such as that in Section II B), which have revealed that the dark matter profiles of halos are not spherical, reflecting more complex internal substructure [66] [67] [68] . The subhalos that live within those halos, therefore, also have a non-spherical distribution, as well as internal structure. We have quantified the importance of these effects by randomising the solid angular distribution of the subhalos within a halo, while keeping the radial distance to the parent halo seed unchanged. This effectively removes halo triaxiality, destroying the original internal structure FIG. IV.1: The relative power spectrum (left) and the sliced f nl bispectrum correlator (right) for different radial halo profile prescriptions for populating halos with subhalos. The power law profile r −γ is a much better fit to the actual subhalo distribution than the dark matter NFW profile, although the index γ ≈ 1 suggested by the best fit to the true profile is power deficient. For γ = 1.5 we obtain a near-perfect fit to both the power spectrum and bispectrum to high wavenumbers k, K/3 ≤ 1.6 h Mpc −1 .
FIG. IV.2:
HOD prescriptions for statistically populating halos with subhalos yield a deficient power spectrum (left) and sliced bispectrum correlation (right). Neither the benchmark HOD nor the 4-parameter HOD model (using best fit parameters) can recover the benchmark power spectrum to better than 2% and the bispectrum to better than 4% at large scales, with much larger discrepancies on smaller scales.
of the halos. For the new 'random angle' halo catalogue, we have estimated both the power spectrum and the bispectrum (using the sliced f nl correlator (Equation (III.12)) at a given K = k 1 + k 2 + k 3 ); the relative effect is shown by the blue lines in Figure IV. 1. There is a small diminution of power even at relatively high wavenumbers k, K/3 = 1 h Mpc −1 , with less than a 1% and 4% decrease for the power spectrum and bispectrum respectively. Randomisation of the angles tends to reduce subhalo clustering but this remains a subpercent effect on the bispectrum for K/3 ≤ 0.5 h Mpc −1 . The small effect of a randomisation process has on the matter power spectrum has also been confirmed in [92] . This indicates that triaxial effects will predominantly arise from RSDs (see, for instance, [93] ).
The radial halo profile can have a larger effect, notably if we populate subhalos using the NFW profile obtained from the halo dark matter distribution, as shown by the orange line in Figure IV. 1. In this case, by k, K/3 = 1 h Mpc −1 there are large deviations of 2% and 15% from the halo power spectrum and bispectrum respectively. This is not unexpected as we have previously seen that the dark matter NFW profile does not fit the measured subhalo profile from our benchmark catalogue (given the mass resolution of our N -body simulation). The discrepancies would in fact have been even larger had we used the measured concentration from ROCKSTAR, instead of the analytical fit for c in Equation (II.9). We turn now to effects of modelling the halo profile with a power law. As we have seen already in Figure II. 3, a power law of 0.8 < γ < 1.2 will fit most halo profiles for the subhalo distributions found in our benchmark simulation. Modelling the halos with the best fit power law inevitably removes some signal from the power spectrum and bispectrum, as the resulting halos have a uniform solid angular distribution, unlike subhalos in an N -body simulation. The lack of power can be seen in the γ = 1 profile shown as green line in Figure IV. 1. We can phe-nomenologically compensate for this effect by considering spherically symmetric halo profiles with an increased power law exponent. Coincidentally, for γ = 1.5 both the power spectrum and the bispectrum are very well fitted at all scales, with a difference of less than 0.5% up to k, K/3 ≤ 1.6 h Mpc −1 . We can exploit this dual effect when populating the halos with a statistical halo occupation number rather than that measured from the N -body simulation.
B. Halo occupation number
We have also investigated the effect on the power spectrum and bispectrum of assigning subhalos using the Halo Occupation Distribution (HOD). First, we populated halos using the benchmark HOD model, i.e. we assigned to each halo the measured mean number of galaxies (subhalos) for a halo of that mass. This model is shown in Figure II .4 along with our 4-parameter fit to it. As shown in Figure IV .2, we have found that neither the benchmark HOD nor the 4-parameter HOD fit recovers the power spectrum or the bispectrum to better than 2% at large scales k, K/3 < 0.1 h Mpc −1 . The 4-parameter fit to the benchmark HOD is 4% below the simulation power spectrum, and the difference gets rapidly worse at smaller length scales. The fit to the benchmark HOD is only accurate to 10%, indicating a better functional form should be adopted. The discrepancy in the bispectrum is considerably higher than the power spectrum, and also demonstrates much worse scaling in k.
To better understand the power deficiency observed in Figure IV .2 from using the HOD model we first binned the parent halos by mass, then shuffled around the halo occupation number within the halos in each mass bin. Since the halo profile plays only a marginal role on large length scales, for simplicity we collapsed all objects to the centre of the parent halo, and the power spectrum of the resulting sample is shown in Figure IV. 3. The fact that this shuffling method, which preserves the statistical distribution of the halo occupation number in every mass bin, produces the same effect as the benchmark HOD strongly implies that number of subhalos in a halo depends on halo properties other than halo mass. The shuffling procedure is very similar to populating halos by using a subhalo dispersion around the mean HOD; initial experimentation indicated that including such a dispersion had no impact resolving the key bispectrum deficit.
Finally, we explored whether phenomenologically changing the parameters in our 4-parameter HOD could yield a satisfactory fit to both the power spectrum and bispectrum. As discussed in Section II C we enforce conservation of galaxy number ∆n g = 0 (Equation (II.15) ) when changing the values of the parameters, which entails compensating by changing at least 2 parameters simultaneously. By exploring all 6 different ways to pair up the parameters, it was found that the index α in (Equation (II.15) ), i.e. the exponent of the power law, appears to make the most dramatic contribution to the power spectrum relative to the other parameters. As can be seen in panels (a)-(c) in Figure IV .5, boosting α by 4.5% helps match the benchmark power spectrum up to k ≤ 0.5 h Mpc −1 , regardless of the choice of the other compensating parameter. However, panel (d) in the same plot reveals that this boost in α grossly inflates the bispectrum, resulting in more than 5% difference between 0.2 h Mpc −1 < K/3 < 1.3 h Mpc −1 . We conclude that populating halos using an HOD that depends only on mass will not simultaneously recover both the benchmark power spectrum and bispectrum (with correlation discrepancies in the latter exceeding 4%).
C. Assembly bias
Since using the benchmark HOD yields a suppression of power in the power spectrum and bispectrum, and tuning the 4-parameter HOD model fares no better in matching both the power spectrum and bispectrum, we considered alternative methods of modelling the halo occupation number that take into account the formation history of the halos, known as assembly bias (see, for example, [94] [95] [96] [97] [98] ). Amongst halos with the same mass those formed at higher redshifts in N -body simulations are known to typically have higher concentrations c [98] [99] [100] [101] [102] (although this relationship should not be oversimplified [103] ). For this reason, we investigate whether incorporating halo concentration into our HOD model can simultaneously reduce the measured mock catalogue deficit in both the power spectrum and bispectrum. The probability distribution of the occupation number N g becomes P (N g |c, M ), which is a function of both mass and concentration.
To gain insight into how the concentration affects halo occupation we took inspiration from [61] with a simple model that, first, bins parent halos by mass and then, secondly, divides these into two bins based on their concentration. The threshold for this split into concentration bins was the median concentration, such that both the higher and the lower concentration samples at a given mass have the same number of subhalos. For each mass bin, we calculated the mean occupation number in the high and low concentration bins (as well as the whole sample). Figure IV .7 shows that halos with lower concentration clearly have more subhalos than the average, amounting to a 20% difference in the mass range between of 10 13 h −1 M and 10 14 h −1 M . The significant anticorrelation of the concentration with the number of subhalos may or may not be reflected in actual galaxy distributions because of resolution limitations and absent dynamical effects in our DM-only N -body simulations. If halos with high concentration are indeed typically those that are formed earlier, then the lower number of subhalos will be affected by merging of substructure which is, in turn, influenced by halo resolution (see, for example, [104] ). 
The standard lognormal distribution fitted to the total halo occupation number, as well as the occupation number for the high and low concentration bins.
FIG. IV.9:
Lognormal fits to the total occupation number and the high and low concentration bins. The vertical error bars indicate the shape parameter σ of the fits.
The positive impact of accounting for concentration with this simple split bin model is illustrated in Figure IV.15 for both the power spectrum and bispectrum. Here, we have populated halos with subhalos drawn from a lognormal distribution to model the total occupation number of the two concentration bins at each mass scale (see below). These results should be compared with the benchmark HOD model in Figure II .4 where the bispectrum was very discrepant. In particular, this reduces the deficit in the bispectrum from around 6% to 3% at K/3 = 0.2 h Mpc −1 , so assembly bias is clearly an important factor which should be taken into account when creating mock catalogues.
In light of the impact of concentration on subhalo number, our goal is to develop a more sophisticated statistical model that allows us to populate individual halos of a given mass, with or without specifying the concentration from information given by the simulation. To achieve this, we require the joint probability distribution P (N g ∩ c |M ) as a function of subhalo number N g and concentration c, so that we can derive P (N g |c, M ) from Bayes theorem [105] :
To find an appropriate joint distribution we first investigate the marginalised distributions for N g and c. It was found that the standard lognormal distribution with 2 parameters, Lognormal(µ, σ 2 ) where e µ is known as the scale parameter and σ the shape parameter, provides a good fit to the marginalised halo occupation number. Figure IV .8 shows the lognormal fits to the total occupation number, and occupation number in the high and low concentration bins, for several mass bins. In Figure IV .9 we show the shape and scale parameters of these fits in 100 mass bins across the whole range of the benchmark catalogue. Note that we have adopted the total occupation number, i.e. including the central galaxy instead of just the satellites, because when the average number of satellites falls below unity the lognormal fit automatically fails.
For the marginalised concentration distribution, we found that it could be more accurately modelled with a Gaussian distribution, particularly at low masses. The lognormal distribution provides a significantly worse fit, a comparison which is shown in Figure IV .11, where we display the normalised counts in several mass bins along with the best fit values for both Gaussian and lognormal fits.
Either the Gaussian or lognormal distributions for c can be easily combined with the lognormal distribution for N g to give a joint distribution. To do so we simply have to take the natural logarithm of N g and calculate the mean µ and covariance Σ for this joint Gaussian distribution:
where X = c or ln(c) depending on whether a Gaussian or lognormal distribution for c is desired, and
ln(Ng) and σ 2 X are the usual variances for ln(N g ) and X, and σ ln(Ng),X = (ln(N g ) − ln(N g ) )(X − X ) is the covariance between them.
To draw from the joint distribution one would then sample from the joint Gaussian distribution and exponentiate the result as required. The joint distribution obtained from the ROCKSTAR halo benchmark is shown for various mass bins in Figure IV .12. For comparison, we show for the same mass bins calculated both from the joint lognormal distribution in Figure IV. 14 and from the joint lognormal-Gaussian distribution in Figure IV .13. The joint lognormal-Gaussian distribution appears to reproduce the benchmark distribution more accurately, though small discrepancies remain at high mass.
In order to obtain P (N g |M, c) we first shift the distribution for ln(
2 ln(Ng) ), where [106] 
then exponentiate draws from this shifted Gaussian distribution. This shift can be derived using the bivariate Gaussian distribution in Equation (IV.2), the Gaussian distribution for X and Bayes theorem (Equation (IV.1)). 
FIG. IV.11:
A lognormal distribution is too skewed to model the distribution of halo concentration, but a Gaussian fits very well especially at low mass.
IV.12: Joint probability distribution for the subhalo number N g and concentration c for halos in different mass bins of the benchmark ROCKSTAR catalogue.
FIG. IV.13: Joint lognormal-Gaussian fit to the joint distribution in Figure IV .12 which should be compared with benchmark distribution shown in Figure IV .12.
For the benchmark catalogue in Figure IV .10a we show the parameters of the lognormal and Gaussian fits to c, and the correlation coefficient
obtained for the joint Gaussian distribution in Figure IV.10b. It is worth noting that there are only minor differences in the correlation coefficient between the Gaussian and lognormal cases, with a robust value of around r ≈ −0.5 found for the mass range M = 10 13 − 10 14 h −1 M . In summary, we can now implement our assembly bias model using the joint probability distribution P (N g |M, c) using one of four possible methods:
1. For an individual halo, use the joint lognormal distribution to draw a suitable value for N g by shifting the Gaussian distribution for ln(N g ) using the the concentration c given for that halo by ROCKSTAR;
2. Follow the same procedure as in 1 but with the joint lognormal-Gaussian, shifting the Gaussian distribution for ln(N g ) using the individual halo concentration given by ROCKSTAR;
3. Use the joint lognormal distribution for N g and c, but draw values at random for c from the Gaussian distribution for ln(c), thus eliminating the need for the simulation to provide this information.
4. Follow the same procedure as in 3 but with the joint lognormal-Gaussian distribution, drawing both c and N g randomly, so the simulation again does not provide information about concentration. (For methods 3 and 4 we impose a lower bound of 2 for random draws of c, which is lowest value of c calculated by ROCKSTAR.)
The resulting power spectra and bispectra from these prescriptions for creating mock catalogues are shown in Figure IV .15, with a comparison also to the two-bin concentration model described above. As explained in Figure III.5 the kink at K/3 = 1.1 h Mpc −1 is due to the geometry of the tetrapyd rather than a physical discontinuation. All these methods, endeavouring to incorporate assembly bias in some form, offer a very substantial improvement over the simplest HOD case shown in Figure II .4. Out of these four possibilities, the superior methods also exploit knowledge of individual halo concentrations given by the ROCKSTAR simulation (which to some extent also includes the simpler two-bin method described earlier). The well-motivated joint lognormalGaussian modelling of the occupation number and concentration, with a power law halo profile of γ = 1.2, yields a better than 1% accuracy in the power spectrum and 4% accuracy in the bispectrum for k, K/3 < 1.0 h Mpc −1 , which is significantly better than methods previously investigated in this paper. Moreover, both its power spectrum and bispectrum are flatter than the joint lognormallognormal case which makes it the more suitable model.
IV.14: Joint lognormal fit to the joint distribution in Figure IV .12.
FIG. IV.15: Power spectra (left) and bispectra (right) comparisons of the two-bin and joint distribution assembly bias HOD models relative to the measured benchmark polyspectra. Prescriptions using the joint probability distribution and information about the individual halo concentrations improve the fit to better than 2% for k < 1.0 h Mpc −1 . The halo profile adopted here is a power law with γ = 1.5. It is clear that some information about the assembly history of halos is certainly helpful when creating mock catalogues targeting an accurate halo bispectrum, as it can be used a proxy for concentration. Information about the merger history of halos can be obtained by fast simulation methods without resorting to N -body simulations (see, for example, PINOCCHIO [107] ). A number of methods have been developed to correlate halo concentration with halo mass and redshift [108] [109] [110] , and furthermore the authors of [111] have shown that these models, combined with an empirical model of environmental effects on halo formation times, gives the correct mean concentration and scatter as a function of halo mass.
As can be seen from Figure IV .15, there is still some room for improvement to obtain high precision mock power spectra and bispectra to match the benchmark results. In Figure IV . 16 we explore changes to the halo profile for the joint lognormal-Gaussian model to curtail the excess power at small scales. It is clear that a value of γ = 1.2, which is in the range of best fit values shown in Figure II .3, gives both a flat relative power spectrum and bispectrum. We also studied methods by which we might be able to generically boost the power spectrum and bispectrum across all scales, notable large length scales. From our investigations of different mass halos, we found that the high mass halos dominate the power at large scales, due to their high occupation number. One way to boost the power is therefore to add an extra galaxy to every parent halo above a certain mass threshold. We tested this tweak using the joint lognormal-Gaussian model, the results of which are shown in Figure IV . 18 . We found that M = 2 × 10 14 h −1 M seems to be the appropriate mass threshold, which coupled with a radial profile of r −1.2 allows us to obtain a fit to both the power spectrum and bispectrum to 1% accuracy between 0.04 h Mpc −1 < k < 1.1 h Mpc −1 . The average occupation number at this mass threshold is about 11, therefore this boost is at the 10% level in magnitude. A more natural, continuous transition, such as the erfc function used in the 5-parameter HOD model, can be adopted instead of a step function to obtain smoother behaviour. This may seem a rather contrived way to boost power, but it is presumably compensating some missing physical correlation (such as triaxiality etc.).
Another means by which to achieve a power boost is to raise the the power law exponent index α in the marginalised HOD (Equation (II.12)), as we did with the 4-parameter model. Instead of using the analytical form as we did previously, we change the occupation number drawn from the joint distribution by scaling the number of satellites by this factor:
as we boost both α and κ to conserve particle number. We use the best fit parameters for α, κ, M 0 and M 1 , and the results are shown in Figure IV .18. The power spectrum results are comparably to the extra galaxy method above, but this has the additional property of over-boosting the bispectrum, as we have observed in the 4-parameter HOD case. Finally, we show the 3D bispectrum tetrapyd of these improved models in Figure IV .19 which are qualitatively indistinguishable from the bispectrum obtained directly from the benchmark halo distribution.
V. Conclusions
In this paper we have applied the fast bispectrum estimator MODAL-LSS [8] to accurately measure the bispectrum from a large mock galaxy catalogue. This catalogue was generated from a GADGET-3 N -body simulation using the ROCKSTAR halo-finder. We have provided a quantitative three-shape fit to the resulting halo bispectrum, comparing it with the corresponding bispectrum of the underlying dark matter, studied previously [13] . A key goal has been to determine phenomenological methods to create fast mock catalogues that can reproduce the benchmark halo bispectrum from ROCKSTAR. In doing so we have restricted ourselves to using only the mass, position and concentration information for parent halos, relying on statistical modelling of the halo profile and occupation number to recover the benchmark power spectrum and bispectrum. We modelled these effects in configuration space to obtain accurate mock power spectra and bispectra, and we aim to incorporate further observational effects such as RSDs in a future paper.
A. Halo profile
An important ingredient in a phenomenological galaxy catalogue is the spatial distribution of the galaxies within a parent halo. The subhalo radial number density found for parent halos (separated into a number of mass bins) was not well matched by the average NFW dark matter profile found in the same halo mass range. On the other hand, as suggested, e.g., by [78] a power law profile of the form ρ ∝ r −γ , with γ ∼ 1, works well as a universal profile across a wide range of halo masses spanning three orders of magnitude.
By randomising the solid angular distribution of the benchmark halos we have also quantified the power loss in the power spectrum and bispectrum if halo substructure and triaxiality are not preserved, that is, by fixing the original subhalo number and then retaining radial distances while randomising angular positions. The effect of this internal redistribution was modest with deviations less than 1% and 4% at k, K/3 = 1 h Mpc −1 for the power spectrum and bispectrum correlator respectively. These lost correlations mean that the best fit power law profile near γ ≈ 1 is necessarily power deficient at small scales. However, we have found that phenomenological values around γ ≈ 1.5 apparently help to recover this power loss to less than 0.5% up to k, K/3 = 2 h Mpc −1 in both power spectrum and bispectrum. Note that these profile modifications are constrained by using the original occupation numbers for individual halos, which is information generally only available from costly nonlinear simulations.
B. Halo occupation distribution
To statistically model the number of galaxies within a parent halo, we have investigated the popular practice of using an HOD that only depends on halo mass,N g (M ). We observed that using the measured mean number of galaxies for a halo of a given mass M to repopulate the parent halos leads to a power deficit of about 2% in the power spectrum at large scales where k < 0.1 h Mpc −1 , and greater differences at smaller length scales. The loss of power in the bispectrum is more pronounced with much poorer scaling, yielding deviations exceeding 10% by k = 0.5 h Mpc −1 . We found that the same effect can be reproduced if one shuffles the given halo occupation numbers within the mass bins (or by using a dispersion around the mean HOD value). Clearly this simple HOD prescription for populating halos destroys important correlations, so it suggests that other physical mechanisms are contributing to the number of galaxies per halo, rather than just the halo mass.
Nevertheless, we have attempted to recover this power loss by tuning the four-parameter HOD model given by (Equation (II.15) ). The best fit parameters actually lead to further power loss at all scales, perhaps because the HOD fit is only accurate up to 10%, which suggests that a better functional form should be adopted to match HODs from simulations. After tweaking the parameters while keeping galaxy number constant we found that boosting the power law exponent α by 4.5% raised the power spectrum to the correct level to k = 0.5 h Mpc −1 irrespective of choice in the other parameter, but unfortunately this results in substantially over-boosting the bispectrum (overcompensating at around the 10% level). We infer that an HOD model which only depends on halo mass cannot accurately reproduce both the power spectrum and bispectrum of a benchmark mock catalogue.
C. Assembly bias
These investigations led us to incorporate further information in the HOD that takes into account the formation history of the halos to determine the halo occupation number. Motivated by other assembly bias studies in the literature such as [94] [95] [96] [97] [98] , we have developed a new prescription using a joint probability distribution to model correlations between the halo occupation number N g and concentration c found in the benchmark catalogue. Even an extension which just separates halos of a given mass into two concentration bins [61] -representing above and below median values for c -yields more accurate power spectra and bispectra with improved scaling.
We have found that the marginalised distribution for halo concentration is well described by a Gaussian distribution across the entire mass range of the benchmark, while taking care to impose an appropriate lower bound when drawing from the distribution. On the other hand the marginalised halo occupation number is well fitted with a lognormal distribution. Our assembly bias model is therefore a joint lognormal-Gaussian bivariate distribution which depends on halo mass, P (N g ∩ c |M ). A nonzero covariance between the two variables imply that halo concentration is correlated with halo occupation number, and we find the correlation coefficient is r ≈ −0.5 for a mass range of M = 10 13 − 10 14 h −1 M . In terms of the assembly history within an N -body simulation, we can interpret higher halo concentration causing fewer subhalos because of earlier halo formation, that is, in this case there is more time for the merger of substructure (a factor which depends to some extent on our benchmark resolution). We were also able to obtain very similar results using a joint lognormal-lognormal distribution for the halo number and concentration.
D. Prescriptions for fast mock catalogue polyspectra
One of the key results of our paper is that our assembly bias model for populating halos can recover the benchmark power spectrum to within 1% and the bispectrum to within 4% across the entire range of scales of the simulation. In its most accurate form this involves using a joint lognormal-Gaussian probability distribution for N g and c, coupled with a radial power law halo profile with γ = 1.2, together with the concentrations found for individual halos. Without use of individual halo concentrations, we could assign both concentration and halo number statistically, obtaining good bispectrum scaling though with a 2% and 5% deficit emerging for the power spectrum and bispectrum respectively. These assembly bias prescriptions represent a considerable improvement over all the other methods we investigated in this paper and can be deployed with fast mock catalogue generators.
We also explored ways to phenomenologically reduce this small remaining power deficit. Modifying the index in the four-parameter HOD model, as before, encountered the problem of over-boosting the bispectrum. However, motivated by the dominant contributions of high mass halos, we considered enhancing this by adding an extra galaxy to all parent halos above a certain mass threshold M > 2 × 10 14 h −1 M . We were able to obtain a 1% fit to both the benchmark power spectrum and bispectrum in the range 0.04 h Mpc −1 < k < 1.1 h Mpc −1 . Finally we note a few caveats about the mock catalogue population methods we have proposed. Our assumption that galaxies can be identified with subhalos will have an important impact on both the spatial distribution and occupation number of the parent halos; clearly this approach can be developed further and made more realistic by increasing resolution and incorporating more physical mechanisms in the simulations. For example, our present mass resolution with a particle mass of M p = 2.093×10 10 may be insufficient to ensure finer substructures are resolved and preserved during halo mergers; it would be prudent in future to expand these investigations by exploring the dependence on simulation resolution. We also note that our most accurate assembly bias model relies on concentration information for individual halos obtained from the mock catalogue simulation. This is not necessarily available from all fast simulation generators and halo finder codes, but algorithms such as PINOCCHIO can provide the merger history of dark matter halos, which in turn could be converted into halo concentrations. Nevertheless, by statistically sampling the Gaussian distribution for concentration we were still able to obtain a good power spectrum and bispectrum fit, and this model can be further fine-tuned with the galaxy boost.
In summary, motivated by assembly bias, we have developed a statistical prescription for populating parent halos with subhalos which can simultaneously reproduce both the halo power spectrum and bispectrum obtained from nonlinear N -body simulations. We anticipate that this robust approach can be adapted to match polyspectra obtained from more sophisticated N -body and hydrodynamic simulations. Combining this relatively simple methodology with fast estimators like MODAL-LSS [8] should enable the bispectrum to become a key diagnostic tool, both for breaking degeneracies in cosmological parameter estimation and for quantitatively analysing gravitational collapse and other physical effects on highly nonlinear length scales.
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